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Near-rings

Definition 1. A near-ring is a set N together with two
binary operations “+"” and ‘" such that

(1) (N,+) is a group (not necessarily abelian)
(2) (N,-) is a semigroup

(3) an,nz,ng, e N : (n1+n2)-n3=n1-n3+n2-n3

A near-ring (N,+,x*) is said to be zero symmetric iff
Vne N :nx0=0.

Definition 2. Let (N,+,*) be a near-ring and (I',+)
be a group. [ is called an N-group iff there exists a
multiplication & such that:

(1) VyelVni,no e N:(n1+n) Ovy=n10v+n0~

(2) VyeTlTVni,no € N:(n1*n2) ®©vy=n1 0 (nx®~).
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Preliminaries on N-groups

Let ' be an N-group and let S be a normal subgroup
of . S is called an (N-)ideal of ' if Vne NVyeTlVs ¢

S:n(y+s)—nyesS.

N-ideals of the canonical N-group (N, +) are called left
ideals of N. A left ideal L of N is an ideal of the near-
ring N if LN C L.

[ is called strongly monogenic if NI" %= {0} and for all
~ €I either Ny =T or Nv = {0}.

LetOy =:{y el | Ny=T}and by =:{yeTl | Ny={0}}.
Then [T = 6 U6O4.

We define (0: M) :={n e N|VyeTl :ny=0>} [is
faithful if (0: 1) = {0}.



1-primitive near-rings

An N-group [ is called simple if there do not exist
proper N-ideals in .

Definition 3. A zero symmetric near-ring N is said to be
1-primitive if there exists an N-group I which is simple,
faithful and strongly monogenic.

N-groups which are simple and strongly monogenic are
called N-groups of type 1.

Note that J;(IN) = {0} if N is 1-primitive.



Strongly monogenic N-groups

Lemma 5. Let N be a zero symmetric near-ring with
a strongly monogenic N-group I'. Then there exists a
greatest proper N-ideal in .

We denote this greatest proper N-ideal by A.

Corollary 6. Let ' be a strongly monogenic N-group
of a zero symmetric near-ring N. Let A\ be its greatest
proper N-ideal. Then I' /A is an N-group of type 1.

Theorem 7. Let N be a zero symmetric near-ring which
has a faithful strongly monogenic N-group . Then
Ji(N) is a proper ideal and N/J1(N) is a 1-primitive
near-ring.

Lemma 8. Let {O} = L be a left ideal of a zero sym-
metric near-ring N, which is 1-primitive on an N-group
. Thenl is a faithful and strongly monogenic L-group.
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Some lemmas and other by-products

Theorem 9. Let I be an ideal of a zero symmetric 1-
primitive near-ring N. Then I is also a 1-primitive near-
ring.

Lemma 10. Let N be a zero symmetric near-ring which
has a faithful and strongly monogenic N-group I". Then,
NJ1(N) = {0}.

Lemma 11. Let N be a zero symmetric near-ring with
descending chain condition on N-subgroups of N. Sup-
pose N has a faithful and strongly monogenic N-group I
and suppose N has a multiplicative right identity. Then
J1(N) is a proper ideal of N and each proper ideal is
contained in J1(N).



Left ideals

Lemma 12. Let N be a zero symmetric near-ring with
descending chain condition on N-subgroups of N. If
there exists an element e € N with (0 : e) = {0}, then
N has a multiplicative right identity.

Lemma 13. Let {0} # L be a left ideal of a zero sym-
metric and 1-primitive near-ring N. Suppose L has the
descending chain condition on L-subgroups of L. Then
L has a multiplicative right identity.

Theorem 14. Let {0} # L be a left ideal of a zero
symmetric and 1-primitive near-ring. Suppose L has the
descending chain condition on L-subgroups of L. Let I
be any proper ideal of L. Then LI = {0}. Furthermore,
there exists a greatest proper ideal QQ in L, L/Q is a
1-primitive near-ring and Q = J1(L).



Left ideals

Corollary 15. Let N be a finite zero symmetric and 1-
primitive near-ring. Let {0} %= L be a left ideal of N.
Then, L has a multiplicative right identity and a greatest
proper ideal Q). Furthermore, LQ = {0}.

Example 16. R = {

Q Qe
OIS

C

f| | abedefghic

1

K} (K a finite field). The ring R acts 1-primitively on
J a 0 O

the R-group K, ={| k | |j,k,le K}. L ={
!

0
a,d,g € K} is a left ideal of R. Q = {| d
g
d,g € K} is easily seen to be the greatest ideal of L

and LQ = {0}. L = { 0 0 | d € K} and
O O

O 0 O
Io={| 0 O O | | g € K} are the other ideals of L
g 0 O

which both are contained in Q).



