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@ Let R denote a prime ring.
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@ Let R denote a prime ring.
@ Q: symmetric Martindale quotient ring of R.
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@ Let R denote a prime ring.
@ Q: symmetric Martindale quotient ring of R.
@ C: extended centroid of R.
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@ d: a derivation of R, namely,
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@ d: a derivation of R, namely,

d : R — R is an additive map satisfying
d(xy) = xd(y) + d(x)y for all x,y € R.
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@ d: a derivation of R, namely,

d : R — R is an additive map satisfying
d(xy) = xd(y) + d(x)y for all x,y € R.

def. :
o For example, for a € R, ad(a) : x — [a,x] = ax — xa is a
derivation.
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@ d: a derivation of R, namely,
d : R — R is an additive map satisfying
d(xy) = xd(y) + d(x)y for all x,y € R.

def. :
o For example, for a € R, ad(a) : x — [a,x] = ax — xa is a
derivation.

@ For a derivation d of R, Ker(d) = {x € R | d(x) = 0}.
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@ d: a derivation of R, namely,
d : R — R is an additive map satisfying
d(xy) = xd(y) + d(x)y for all x,y € R.

@ For example, for a € R, ad(a) : x — [a, x] “fax — xais a
derivation.
@ For a derivation d of R, Ker(d) = {x € R | d(x) = 0}.

@ Analogously, for an automorphism ¢ of R,
R) = {x € R | o(x) = x}.
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@ d: a derivation of R, namely,
d : R — R is an additive map satisfying
d(xy) = xd(y) + d(x)y for all x,y € R.
@ For example, for a € R, ad(a) : x — [a, x] “fax — xais a
derivation.
@ For a derivation d of R, Ker(d) = {x € R | d(x) = 0}.
@ Analogously, for an automorphism ¢ of R,
R) = {x € R | o(x) = x}.

o Let t(v):x — wxvl,
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@ d: a derivation of R, namely,
d : R — R is an additive map satisfying
d(xy) = xd(y) + d(x)y for all x,y € R.
@ For example, for a € R, ad(a) : x — [a, x] “fax — xais a
derivation.
@ For a derivation d of R, Ker(d) = {x € R | d(x) = 0}.
@ Analogously, for an automorphism ¢ of R,
R) = {x € R | o(x) = x}.
o Let t(v):x — wxvl,

@ An automorphism o of R is called X-inner if ¢ = ¢(v) for
some v € Q.
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Motivations Results of kernel inclusions of algebraic derivations

Theorem (Bresar, 2005)

Assume char R = 0. Let d and d’ be derivations with d
C-algebraic. Assume Ker(d) C Ker(d"). Then d = ad(a) and
d" = ad(p(a)) for some a € Q and p(x) € C[X].
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Motivations Results of kernel inclusions of algebraic derivations

Theorem (Bresar, 2005)

Assume char R = 0. Let d and d’ be derivations with d
C-algebraic. Assume Ker(d) C Ker(d"). Then d = ad(a) and
d" = ad(p(a)) for some a € Q and p(x) € C[X].

In particular, d’ = a,d" + a,_1d" 1 + - 4+ a1d for some
o; € C.
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Motivations Results of kernel inclusions of algebraic derivations

Theorem (Bresar, 2005)

Assume char R = 0. Let d and d’ be derivations with d
C-algebraic. Assume Ker(d) C Ker(d"). Then d = ad(a) and
d" = ad(p(a)) for some a € Q and p(x) € C[X].

In particular, d’ = a,d" + a,_1d" 1 + - 4+ a1d for some
o; € C.

Theorem (Chuang, Lee, Wong, 2008)

Assume char R = p. Let d and d’ be derivations with d
C-algebraic. Assume Ker(d) C Ker(d'). Then
d' =" a;dP + ad(b) for some b € Q.
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Main thm. Kernel inclusions of algebraic automorphisms

Motivated by these results, we concern kernel inclusion
problem for automorphisms. We have the following:
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Main thm. Kernel inclusions of algebraic automorphisms

Motivated by these results, we concern kernel inclusion
problem for automorphisms. We have the following:

Let o and T be automorphisms of R and assume that o is
C-algebraic. Then R\”) C R if and only if

7(x) = va'(x)v? for all x € R, where i is an integer and
where v is in the centralizer of R(9) in Q.
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Prelim. Kharchenko's Theorem Martindale's Theorem The spirit

A set of automorphisms of R, say {01,02,...,0n,}, is called

mutually outer if aiaj’l is X-outer for all i # j.

Theorem (Kharchenko, 1975)

Let 01,00, ...,0, be mutually outer automorphisms of R. For
aj, b, ¢;, d; € Q, suppose that

m

Z Z a,-ja,-(x)b,-j =0

i=1 j=1

for all x € R. Then

j=1

forally e R, fori =1,2,...,m.
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Prelim. Kharchenko's Theorem Martindale's Theorem The spirit

@ Assume o1, 05, 03 are mutually outer and

ao1(x)b + coi(x)d + eoi(x)f
+ goa(x)h +  ioa(x))
+ kos(x)¢ = 0.
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Prelim. Kharchenko's Theorem Martindale's Theorem The spirit

@ Assume o1, 05, 03 are mutually outer and

aoi1(x)b + coi(x)d +
+ goa(x)h +
+

@ Then

aci1(x)b + coi(x)d +
goa(x)h +

eoy(x)f

iO’z(X)j
kos(x)?

eoy(x)f

iO'z(X)j
kos(x)?

o

4
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Prelim. Kharchenko's Theorem Martindale's Theorem The spirit

@ Assume o1, 05, 03 are mutually outer and

ao1(x)b + coi(x)d + eoi(x)f
+ goa(x)h +  ioa(x))
+ kos(x)¢ = 0.

@ Then

aoi(x)b + coi(x)d + eoi(x)f = 0
goa(x)h + ioa(x)) 0.
kos(x){ = 0

@ 01,07, 03 are automorphisms and hence onto. Substitute
x with o71(y), we get ayb + cyd + eyf =0 forall y € R.
Analogously, gyh + iyj = 0 and ky/ =0 for all y € R.

4
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Prelim. Kharchenko's Theorem Martindale's Theorem The spirit

Theorem (Martindale, 1969)
Let a;, b; € Q for1 < i < m. Assume that

i a,-xb,- =0
i=1

forall x € R. If a1, ..., a, are C-independent, then b; = 0.
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Prelim. Kharchenko's Theorem Martindale's Theorem The spirit

Theorem (Martindale, 1969)
Let a;, b; € Q for1 < i < m. Assume that

i a,-xb,- =0
i=1

forall x € R. If a1, ..., a, are C-independent, then b; = 0.

@ The spirit of Kharchenko's Theorem and Martindale’s
Theorem is to reduce the GPI (with automorphisms) as
possible as we can.
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Prelim. Kharchenko's Theorem Martindale's Theorem The spirit

Theorem (Martindale, 1969)
Let a;, b; € Q for1 < i < m. Assume that

i a,-xb,- =0
i=1

forall x € R. If a1, ..., a, are C-independent, then b; = 0.

@ The spirit of Kharchenko's Theorem and Martindale’s
Theorem is to reduce the GPI (with automorphisms) as
possible as we can.

@ Then in the remains, each "block” will be also an identity
of R.
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Prelim. Kharchenko's Theorem Martindale’s Theorem The spirit

@ Collect the terms depending on the automorphism acting
on x. Say g1, -+ , 0.
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Prelim. Kharchenko's Theorem Martindale’s Theorem The spirit

@ Collect the terms depending on the automorphism acting
on x. Say g1, -+ , 0.

o>, Jn':1 ajoi(x)b; = 0.
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Prelim. Kharchenko's Theorem Martindale’s Theorem The spirit

@ Collect the terms depending on the automorphism acting
on x. Say g1, -+ , 0.

o>, Jn':1 ajoi(x)b; = 0.

e If 0q,--- , 0, are not mutually outer, then 0,-0]._1 is
X-inner for some i # j. Say a,-aj’l = 1(v). Then
o; = 1(v)oj, namely o;(x) = vo;(x)v 1.
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Prelim. Kharchenko's Theorem Martindale’s Theorem The spirit

@ Collect the terms depending on the automorphism acting
on x. Say g1, -+ , 0.

o>, Jn':1 ajoi(x)b; = 0.

e If 0q,--- , 0, are not mutually outer, then 0,-0]._1 is
X-inner for some i # j. Say a,-aj’l = 1(v). Then
o; = 1(v)oj, namely o;(x) = vo;(x)v 1.

o Substitute o;(x) with vo;(x)v" in the current identity.
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Prelim. Kharchenko's Theorem Martindale’s Theorem The spirit

@ Collect the terms depending on the automorphism acting
on x. Say g1, -+ , 0.

© > iy > it 3joi(x)by = 0.

e If 0q,--- , 0, are not mutually outer, then O','O'j_l is
X-inner for some i # j. Say a,-aj’l = 1(v). Then
o; = 1(v)oj, namely o;(x) = vo;(x)v 1.

o Substitute o;(x) with vo;(x)v" in the current identity.

@ Continue this process until the remaining automorphisms
are mutually outer.
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Prelim. Kharchenko's Theorem Martindale’s Theorem The spirit

Collect the terms depending on the automorphism acting
on x. Say g1, -+ , 0.

22it1 25t 30i(x) b = 0.

If o1, ,0m are not mutually outer, then O','O'j_l is
X-inner for some i # j. Say a,-aj’l = 1(v). Then

o; = 1(v)oj, namely o;(x) = vo;(x)v 1.

o Substitute o;(x) with vo;(x)v" in the current identity.
Continue this process until the remaining automorphisms
are mutually outer.

In the remains, each "block” will be a (shorter) identity
with some o;(x).
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Prelim. Kharchenko's Theorem Martindale’s Theorem The spirit

Collect the terms depending on the automorphism acting
on x. Say g1, -+ , 0.

> Jn':1 ajoi(x)b; = 0.

If o1, ,0m are not mutually outer, then O','O'j_l is
X-inner for some i # j. Say a,-aj’l = 1(v). Then

o; = 1(v)oj, namely o;(x) = vo;(x)v 1.

o Substitute o;(x) with vo;(x)v" in the current identity.
Continue this process until the remaining automorphisms
are mutually outer.

In the remains, each "block” will be a (shorter) identity
with some o;(x).

More precisely, block means the sum of the terms with x
acting by a fixed automorphism o;.
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Prelim. Kharchenko's Theorem Martindale’s Theorem The spirit

Collect the terms depending on the automorphism acting
on x. Say g1, -+ , 0.

> Jn':1 ajoi(x)b; = 0.

If o1, ,0m are not mutually outer, then O','O'j_l is
X-inner for some i # j. Say a,-aj’l = 1(v). Then

o; = 1(v)oj, namely o;(x) = vo;(x)v 1.

o Substitute o;(x) with vo;(x)v" in the current identity.
Continue this process until the remaining automorphisms
are mutually outer.

In the remains, each "block” will be a (shorter) identity
with some o;(x).

More precisely, block means the sum of the terms with x
acting by a fixed automorphism o;.

Set x = afl(y), respectively, in the blocks. Then the
assertion of Kharchenko's Theorem appears.
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Prelim. Kharchenko's Theorem Martindale’s Theorem The spirit

@ Collect the terms depending on the left coefficient. Say
the left coefficients are ay,--- , an,.
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Prelim. Kharchenko's Theorem Martindale’s Theorem The spirit

@ Collect the terms depending on the left coefficient. Say
the left coefficients are ay,--- , an,.

(] 27;1 a,-xb,- =0.
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Prelim. Kharchenko's Theorem Martindale’s Theorem The spirit

@ Collect the terms depending on the left coefficient. Say
the left coefficients are ay,--- , an,.

(*] 27;1 a,-xb,- = 0.
@ Assume ay, - -, a, are not C-independent. Say
a; = Qpdy + + -+ + apmanm.
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Prelim. Kharchenko's Theorem Martindale’s Theorem The spirit

@ Collect the terms depending on the left coefficient. Say
the left coefficients are ay,--- , an,.

(*] 27;1 a,-xb,- = 0.

@ Assume ay, - -, a, are not C-independent. Say
a; = Qpdy + + -+ + apmanm.

@ Substitute a; with asap + - -+ + a,,a,, in the current
identity.
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Prelim. Kharchenko's Theorem Martindale’s Theorem The spirit

Collect the terms depending on the left coefficient. Say

the left coefficients are ay,--- , an,.
27;1 a,-xb,- = 0.
Assume ay, - - - , a,, are not C-independent. Say

a; = Qpdy + + -+ + apmanm.

Substitute a; with asa, + - - - + ama, in the current
identity.

Continue this process until the remaining left coefficients
are C-independent.
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Prelim. Kharchenko's Theorem Martindale’s Theorem The spirit

Collect the terms depending on the left coefficient. Say

the left coefficients are ay,--- , an,.
27;1 a,-xb,- = 0.
Assume ay, - - - , a,, are not C-independent. Say

a; = Qpdy + + -+ + apmanm.

Substitute a; with asa, + - - - + ama, in the current
identity.

Continue this process until the remaining left coefficients
are C-independent.

In the remains, each "block” will be a (shorter) identity
with some left coefficient a;.
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Prelim. Kharchenko's Theorem Martindale’s Theorem The spirit

Collect the terms depending on the left coefficient. Say

the left coefficients are ay,--- , an,.
27;1 a,-xb,- = 0.
Assume ay, - - - , a,, are not C-independent. Say

a; = Qpdy + + -+ + apmanm.

Substitute a; with asa, + - - - + ama, in the current
identity.

Continue this process until the remaining left coefficients
are C-independent.

In the remains, each "block” will be a (shorter) identity
with some left coefficient a;.

More precisely, block means a; Xb;.
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Prelim. Kharchenko's Theorem Martindale’s Theorem The spirit

Collect the terms depending on the left coefficient. Say

the left coefficients are ay,--- , an,.
27;1 a,-xb,- = 0.
Assume ay, - - - , a,, are not C-independent. Say

a; = Qpdy + + -+ + apmanm.

Substitute a; with asa, + - - - + ama, in the current
identity.

Continue this process until the remaining left coefficients
are C-independent.

In the remains, each "block” will be a (shorter) identity
with some left coefficient a;.

More precisely, block means a; Xb;.

Namely, a;Xb; = 0. Then since R is prime, it turns out
b; = 0. The assertion of Martindale's Theorem appears.
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Let 0 and T be automorphisms of R and assume that o is
C-algebraic. Then R\") C R") if and only if

7(x) = va'(x)v? for all x € R, where i is an integer and
where v is in the centralizer of R(9) in Q.
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Theorem

Let 0 and T be automorphisms of R and assume that o is
C-algebraic. Then R\") C R") if and only if

7(x) = va'(x)v? for all x € R, where i is an integer and
where v is in the centralizer of R in Q.

Sketch of Proof

The implication " =" is trivial. So we assume R(®) C R("),
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Theorem

Let 0 and T be automorphisms of R and assume that o is
C-algebraic. Then R(°) C R(") if and only if

7(x) = va'(x)v? for all x € R, where i is an integer and
where v is in the centralizer of R in Q.

Sketch of Proof

The implication " =" is trivial. So we assume R(®) C R("),

@ o is algebraic and then (by Chuang and Lee's method)
one construct a polynomial expression 1)(x) € R\ for all
xe J<AR.
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Theorem

Let 0 and T be automorphisms of R and assume that o is
C-algebraic. Then R(°) C R(") if and only if

7(x) = va'(x)v? for all x € R, where i is an integer and
where v is in the centralizer of R in Q.

Sketch of Proof

The implication " =" is trivial. So we assume R(®) C R("),

@ o is algebraic and then (by Chuang and Lee's method)
one construct a polynomial expression 1)(x) € R\ for all
xe J<AR.

@ By assumption, T(1)(x)) = 1(x).
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Theorem

Let 0 and T be automorphisms of R and assume that o is
C-algebraic. Then R\") C R") if and only if

7(x) = va'(x)v? for all x € R, where i is an integer and
where v is in the centralizer of R in Q.

Sketch of Proof

The implication " =" is trivial. So we assume R(®) C R("),

@ o is algebraic and then (by Chuang and Lee's method)
one construct a polynomial expression 1)(x) € R\ for all
xe J<AR.

@ By assumption, T(1)(x)) = 1(x).

© Apply Kharchenko's Theorem.
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Theorem

Let 0 and T be automorphisms of R and assume that o is
C-algebraic. Then R\") C R") if and only if

7(x) = va'(x)v? for all x € R, where i is an integer and
where v is in the centralizer of R in Q.

Sketch of Proof

The implication " =" is trivial. So we assume R(®) C R("),

@ o is algebraic and then (by Chuang and Lee's method)
one construct a polynomial expression 1)(x) € R\ for all
xe J<AR.

@ By assumption, T(1)(x)) = 1(x).

© Apply Kharchenko's Theorem.

© Apply Martindale’s Theorem.
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Spec. Example 1 Example 2

R() C R™). 5 is X-outer and o = 1(1)
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Spec. Example 1 Example 2

R() C R™). 5 is X-outer and o = 1(1)

Q For all x € R, let Y(x) = x + o(x).
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Spec. Example 1 Example 2

R() C R™). 5 is X-outer and 0® = 1(1) = |.

Q For all x € R, let Y(x) = x + o(x).
Q o(x+o(x)) =o(x)+ x.
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Spec. Example 1 Example 2

R() C R™). 5 is X-outer and 0® = 1(1) = |.

Q For all x € R, let Y(x) = x + o(x).
Q o(x+ o(x)) = a(x) + x. So ¥(x) € R C R
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Example 1 Example 2

R() C R™). 5 is X-outer and 0® = 1(1) = |.

Q For all x € R, let Y(x) = x + o(x).
Q o(x +0(x)) = o(x) + x. So ¢(x) € R C R
© Thus 7(¢(x)) = (x),

Hung-Yuan Chen Kernel Inclusions of Algebraic Automorphisms



Example 1 Example 2

R() C R™). 5 is X-outer and 0® = 1(1) = |.

Q For all x € R, let Y(x) = x + o(x).
Q o(x +0(x)) = o(x) + x. So ¥(x) € R®) C R(
@ Thus 7(¢(x)) = ¢¥(x), so 7(x) + 7(c(x)) = x + a(x).
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Example 1 Example 2

R() C R™). 5 is X-outer and 0® = 1(1) = |.

Q For all x € R, let Y(x) = x + o(x).
Q o(x +0(x)) = o(x) + x. So ¥(x) € R®) C R(
@ Thus 7(¢(x)) = ¢¥(x), so 7(x) + 7(c(x)) = x + a(x).

Q If 7,70 are all X-outer,
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Example 1 Example 2

R() C R™). 5 is X-outer and 0® = 1(1) = |.

Q For all x € R, let Y(x) = x + o(x).
Q o(x +0(x)) = o(x) + x. So ¥(x) € R®) C R(
@ Thus 7(¢(x)) = ¢¥(x), so 7(x) + 7(c(x)) = x + a(x).

Q If 7,70 are all X-outer, then I, 0, 7,70 are mutually outer.
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Example 1 Example 2

R() C R™). 5 is X-outer and 0® = 1(1) = |.

Q For all x € R, let Y(x) = x + o(x).

Q o(x +0(x)) = o(x) + x. So ¥(x) € R®) C R(

@ Thus 7(¢(x)) = ¢¥(x), so 7(x) + 7(c(x)) = x + a(x).

Q If 7,70 are all X-outer, then I, 0, 7,70 are mutually outer.

© Applying Kharchenko's Theorem to (3), X =0 is an
identity for R,
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Example 1 Example 2

R() C R™). 5 is X-outer and 0® = 1(1) = |.

Q For all x € R, let Y(x) = x + o(x).

Q o(x +0(x)) = o(x) + x. So ¥(x) € R®) C R(

@ Thus 7(¢(x)) = ¢¥(x), so 7(x) + 7(c(x)) = x + a(x).

Q If 7,70 are all X-outer, then I, 0, 7,70 are mutually outer.

© Applying Kharchenko's Theorem to (3), X =0 is an
identity for R, a contradiction.
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Example 1 Example 2

R() C R™). 5 is X-outer and 0® = 1(1) = |.

Q For all x € R, let Y(x) = x + o(x).

Q o(x +0(x)) = o(x) + x. So ¥(x) € R®) C R(

@ Thus 7(¢(x)) = ¢¥(x), so 7(x) + 7(c(x)) = x + a(x).

Q If 7,70 are all X-outer, then I, 0, 7,70 are mutually outer.

© Applying Kharchenko's Theorem to (3), X =0 is an
identity for R, a contradiction.

@ Thus either 7 or 70 is X-inner.
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Example 1 Example 2

R() C R™). 5 is X-outer and 0® = 1(1) = |.

Q For all x € R, let Y(x) = x + o(x).

Q o(x +0(x)) = o(x) + x. So ¥(x) € R®) C R(

@ Thus 7(¢(x)) = ¢¥(x), so 7(x) + 7(c(x)) = x + a(x).

Q If 7,70 are all X-outer, then I, 0, 7,70 are mutually outer.

© Applying Kharchenko's Theorem to (3), X =0 is an
identity for R, a contradiction.

© Thus either 7 or 70 is X-inner. This implies the result.

O

Hung-Yuan Chen Kernel Inclusions of Algebraic Automorphisms



Spec. Example 1 Example 2

R() C R, o, 0% are X-outer and 0 = (u), u?> +u+1=0.
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Spec. Example 1 Example 2

Example 2

R() C R, o, 0% are X-outer and 0 = (u), u?> +u+1=0.

Q o(u) = u by minimality of the algebraic relation.
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Spec. Example 1 Example 2

Example 2

R() C R, o, 0% are X-outer and 0 = (u), u?> +u+1=0.

Q o(u) = u by minimality of the algebraic relation.

@ By Chuang and Lee's construction,
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Spec. Example 1 Example 2

Example 2

R() C R, o, 0% are X-outer and 0 = (u), u?> +u+1=0.

Q o(u) = u by minimality of the algebraic relation.

@ By Chuang and Lee's construction,
P(x) = x +  wxu! 4+ ux
+ o(x) + uvo(x)u'! + uo(x)
+ o2(x) + wor(x)ut + wo?(x)
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Example 2

R() C R, o, 0% are X-outer and 0 = (u), u?> +u+1=0.

Q o(u) = u by minimality of the algebraic relation.

@ By Chuang and Lee's construction,
P(x) = x +  wxu! 4+ ux
+ o(x) + uvo(x)u'! + uo(x)
+ o2(x) + wor(x)ut + wo?(x)

Q@ o(¢(x)) = ¢(x) and then 7(¢(x)) = ¥ (x).
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Example 2

R() C R, o, 0% are X-outer and 0 = (u), u?> +u+1=0.

Proof.
Q o(u) = u by minimality of the algebraic relation.

@ By Chuang and Lee's construction,
P(x) = x +  wxu! 4+ ux
+ o(x) + uvo(x)u'! + uo(x)
+ o2(x) + wor(x)ut + wo?(x)

Q@ o(¢(x)) = ¢(x) and then 7(¢(x)) = ¥ (x).

Q If 7,70, 702 are all X-outer,
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Spec. Example 1 Example 2

Example 2

R() C R, o, 0% are X-outer and 0 = (u), u?> +u+1=0.

Proof.

Q o(u) = u by minimality of the algebraic relation.
@ By Chuang and Lee's construction,
P(x) = x  +  wul o+ ux
+ o(x) + uvo(x)u'! + uo(x)
+ o2(x) + wor(x)ut + wo?(x)
Q@ o(¢(x)) = ¢(x) and then 7(¢(x)) = ¥ (x).

Q If 7,70, 702 are all X-outer, then /, 0,02, 7,70, 702 are
mutually outer.
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Spec. Example 1 Example 2

Example 2

R() C R, o, 0% are X-outer and 0 = (u), u?> +u+1=0.

Proof.

Q o(u) = u by minimality of the algebraic relation.
@ By Chuang and Lee's construction,
P(x) = x  +  wul o+ ux
+ o(x) + uvo(x)u'! + uo(x)
+ o2(x) + wor(x)ut + wo?(x)
Q@ o(¥(x)) = 1b(x) and then 7(¢(x)) = ¥(x).
Q If 7,70, 702 are all X-outer, then /,0,0°, 7,70, 702 are
mutually outer.
© By Kharchenko's Theorem,
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Spec. Example 1 Example 2

Example 2

R() C R, o, 0% are X-outer and 0 = (u), u?> +u+1=0.

Proof.
Q o(u) = u by minimality of the algebraic relation.
@ By Chuang and Lee's construction,
P(x) = x  +  wul o+ ux
+ o(x) + uvo(x)u'! + uo(x)
+ o2(x) + wor(x)ut + wo?(x)
Q@ a(¢(x)) = ¥(x) and then 7(¥(x)) = ¥(x).

Q If 7,70, 702 are all X-outer, then /, 0,02, 7,70, 702 are
mutually outer.

© By Kharchenko's Theorem, 1- X -1+ u-X-(u"'+1) =0.
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Example 2

R() C R, o, 0% are X-outer and 0 = (u), u?> +u+1=0.

Proof.

Q o(u) = u by minimality of the algebraic relation.

@ By Chuang and Lee's construction,
P(x) = x 4+ ww! + ux
+ o(x) + uvo(x)u'! + uo(x)
+ o2(x) + wor(x)ut + wo?(x)

Q@ o(¢(x)) = ¢(x) and then 7(¢(x)) = ¥ (x).

Q If 7,70, 702 are all X-outer, then /, 0,02, 7,70, 702 are
mutually outer.

© By Kharchenko's Theorem, 1- X -1+ u-X-(u"'+1) =0.
O By Martindale’ Theorem,
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Example 2

R() C R, o, 0% are X-outer and 0 = (u), u?> +u+1=0.

Proof.

Q o(u) = u by minimality of the algebraic relation.

@ By Chuang and Lee's construction,
P(x) = x 4+ ww! + ux
+ o(x) + uvo(x)u'! + uo(x)
+ o2(x) + wor(x)ut + wo?(x)

Q@ o(¢(x)) = ¢(x) and then 7(¢(x)) = ¥ (x).

Q If 7,70, 702 are all X-outer, then /, 0,02, 7,70, 702 are
mutually outer.

© By Kharchenko's Theorem, 1- X -1+ u-X-(u"'+1) =0.
O By Martindale’ Theorem, 1 =0,
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Example 1 Example 2

Example 2

R() C R, o, 0% are X-outer and 0 = (u), u?> +u+1=0.

Proof.

Q o(u) = u by minimality of the algebraic relation.

@ By Chuang and Lee's construction,
P(x) = x 4+ ww! + ux
+ o(x) + uvo(x)u'! + uo(x)
+ o2(x) + wor(x)ut + wo?(x)

Q@ o(¢(x)) = ¢(x) and then 7(¢(x)) = ¥ (x).

Q If 7,70, 702 are all X-outer, then /, 0,02, 7,70, 702 are
mutually outer.

© By Kharchenko's Theorem, 1- X -1+ u-X-(u"'+1) =0.
O By Martindale’ Theorem, 1 =0, —<—.
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